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whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.
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Weak Anchoring Effects in Nematic Liquid Crystals

G. McKay
K. J. Kidney
I. W. Stewart
Department of Mathematics, University of Strathclyde, Glasgow,
Scotland, United Kingdom

We consider a twisted nematic liquid crystal confined by two parallel boundary
plates. The nematic is subject to an in-plane magnetic field applied in a direction
parallel to the plates. At the lower plate the director is strongly anchored so that
the director twist is fixed. On the upper surface we introduce an easy direction
for the director. Although the director prefers to align with the easy direction,
the actual twist exhibited at the upper surface may differ from the easy direction
twist. This is due to the competition between elastic, magnetic and anchoring
effects. We examine and compare two surface energies that model the weak anchor-
ing at the upper plate. For both energies, equilibrium twist profiles for the director
within the sample have been obtained by minimizing the total free energy for the
system.

Keywords: continuum modelling; nematic liquid crystals; weak anchoring

INTRODUCTION

We consider an incompressible nematic liquid crystal, infinite in the
xy-plane and constrained in the z-direction by two parallel glass plates
a distance d apart. The average molecular alignment in the nematic is
described by the usual director n, a unit vector. It will be assumed that
the director alignment on both boundary plates will always remain
parallel to the plates. Under the influence of an externally applied
magnetic field, the director may exhibit a twist angle /(z) across the
depth of the cell, as shown in Figure 1. It is therefore natural to
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suppose that, by the geometry described in Figure 1,

n ¼ ðcos /ðzÞ; sin /ðzÞ; 0Þ; 0 � z � d: ð1Þ

A magnetic field H ¼ H(0, 1, 0) of magnitude H is applied in the y-
direction parallel to the plates. At the lower plate the director is
strongly anchored so that the director is given by n0 ¼ (1, 0, 0) at
z ¼ 0, which corresponds to the boundary condition

/ð0Þ ¼ 0: ð2Þ

By carefully rubbing the upper plate in one direction only, the director
can be encouraged to align along the rubbing direction induced on the
plate. This direction of rubbing is sometimes referred to as the easy
axis and the director is said to be aligned along an easy direction. Here
we introduce an easy direction along the upper surface which corre-
sponds to the twist angle /�, 0��/� � 90�, as indicated in Figure 1.
Although the director prefers to align with a twist equal to this easy
direction, the actual twist exhibited at the upper surface, /d, may dif-
fer from /�: this is due to the competition between elastic and mag-
netic effects in the bulk of the sample, the strong anchoring at the
lower plate and the preferred upper surface orientation.

Equilibrium profiles for the director within the sample can be
obtained by minimizing the total free energy for the system. It is
straightforward to show that the bulk nematic elastic energy density
contribution, welas, associated with the above twist configuration can

FIGURE 1 Schematic showing the twisted nematic liquid crystal with its
director always parallel to the plates. The liquid crystal is subject to an in-
plane magnetic field in the y-direction.
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be written as [1]

welas ¼
1

2
K2ðn � r � nÞ2 ¼ 1

2
K2ð/0Þ2; ð3Þ

where K2 > 0 is the twist elastic constant and 0 denotes d=dz. The bulk
magnetic energy density is given by [1]

wmag ¼ �
1

2
vaðn �HÞ

2 ¼ � 1

2
va sin2 /; ð4Þ

where va is the magnetic anisotropy. We shall assume that va > 0,
which indicates that the director prefers to align parallel to the
applied field direction. The total bulk energy density wb that is rel-
evant here is simply

wb ¼ welas þwmag: ð5Þ

The total energy for the system consists of the sum of the bulk and sur-
face energies.

The aim of this article is to examine two different representations of
the weak azimuthal anchoring energy density at the upper plate.
The simplest surface energy density, first proposed by Rapini and
Papoular [1,2], can be expressed in our notation as

wRP ¼
1

2
s0 1þ x sin2ð/� /�Þ
� �

; ð6Þ

where s0 > 0, x > 0 is a dimensionless anchoring parameter and /�, as
introduced earlier, is the angle corresponding to the easy direction on
the upper boundary. The anchoring strength is s0x (Nm�1). Clearly,
this surface energy density can achieve its absolute minimum if
/ ¼ /�, i.e. if the director at the surface coincides with the easy direc-
tion. Recently, however, Belyakov et al. [3–5] proposed an alternative
form for a weak anchoring energy density that is particularly relevant
to twist geometries. In our notation, this alternative version may be
written as

wRP ¼
1

2
s0 1þ 4x sin2 /� /�

2

� �� �
: ð7Þ

We shall refer to (6) and (7) as the RP and B surface energy densities,
respectively. The physical motivation for the B form of surface energy
is largely driven by pitch ‘jumps’ in cholesteric liquid crystals where
the twist of the director is dominant and is related to the twist elastic
constant K2 [3–5]. By considering simple series expansions, it can be
shown that the RP and B energies almost coincide when the actual

Weak Anchoring Effects 59=[815]
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surface twist angle is close to the easy direction /�. However, we
expect the bulk equilibrium twist profiles exhibited by our system to
be dependent upon the choice of weak anchoring energy, as will be dis-
cussed below.

In the following analysis we use ws to denote either wRP or wB. Com-
bining Eqs. (3)–(7) above, we can now calculate W, the total free
energy for our system, as

W ¼
Z

V

wb dV þ
Z

S

ws dS: ð8Þ

Here V represents the volume of our sample and S is the upper surface
z ¼ d. (Strong anchoring on the lower surface will not introduce any
additional finite surface energy.) Equilibrium twist profiles corre-
spond to minimizers of (8). The corresponding Euler-Lagrange equa-
tion in the bulk of the sample is

d

dz

@wb

@/0

� �
� @wb

@/
¼ 0: ð9Þ

Furthermore, we can derive a boundary condition for the twist at the
surface z ¼ d by invoking the balance of couple condition [6] (also cf.
p. 56 in Stewart [1])

@wb

@/0
þ @ws

@/
¼ 0 at z ¼ d: ð10Þ

The solution of (9) subject to the boundary conditions (2) and (10) deli-
vers the complete solution for /(z) to our problem.

By rescaling coordinate z! z=d and employing Eqs. (3)–(7), we can
rewrite the equilibrium equation (9) and boundary conditions (2), (10)
in terms of the twist angle / for the dimensionless variable z with
0� z� 1. Doing so gives

/00 þ p2 H2

H2
c

cos / sin / ¼ 0 for 0 < z < 1; ð11Þ

/ ¼ 0 at z ¼ 0; ð12Þ

RP : /0 þ p
2q

sinð2ð/� /�ÞÞ ¼ 0

B : /0 þ p
q

sinð/� /�Þ ¼ 0

9>=>; at z ¼ 1: ð13Þ

The two boundary conditions stated in (13) correspond to either of the
RP or B surface energies. Two parameters have been introduced in

60=[816] G. McKay et al.
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(11) and (13), namely

Hc ¼
p
d

ffiffiffiffiffiffi
K2

va

s
and q ¼ K2p

ds0x
: ð14Þ

The quantity Hc denotes the critical magnetic field strength for a
Freedericksz transition in a cell with strong anchoring on both plates,
while the parameter q is a measure of the relative strength of the elas-
tic and surface energy contributions (see Stewart [1], p. 78 and p. 98,
respectively). For example, large values of q correspond to very weak
anchoring at the upper surface.

EQUILIBRIUM PROFILES

(i) H ¼ 0
To help demonstrate some of the differences between the RP and B

surface energies, we first consider the system of equations (11)–(13) in
the absence of a magnetic field, i.e. when H ¼ 0. Recall that earlier we
introduced /d as the actual twist angle exhibited by the director at the
upper surface. It is straightforward to show that when H ¼ 0 the equi-
librium solution must take the form /(z) ¼ /dz (0� z� 1). In order to
calculate the surface twist /d we substitute this linear profile for
/(z) into either one of the boundary conditions (13). Therefore, /d

can be found for either the RP or B surface energies by solving the
appropriate equations

RP : /d þ
p
2q

sinð2ð/d � /�ÞÞ ¼ 0; ð15Þ

B : /d þ
p
q

sinð/d � /�Þ ¼ 0: ð16Þ

First consider the particular situation when the easy axis is
/� ¼ 90�. The solutions to the boundary requirements (15) and (16)
when /� ¼ 90� are depicted in Figure 2. In this case, from (15) the
RP energy allows an upper surface twist /d ¼ 0� that is independent
of the choice of anchoring strength parameter q. Furthermore, below
a critical value of the anchoring parameter q it is also possible to find
non-zero solutions to (15) with the upper surface twist much closer to
the easy direction /�. By considering (15) in the limit as /d! 0 we can
show that this critical value of the anchoring parameter is q ¼ p. In
contrast, the surface condition (16) for the B energy never allows triv-
ial solutions (except in the limiting case as q!1).

Now consider the case when /� < 90�. In particular, in Figure 3 we
consider the cases /� ¼ 89� and /� ¼ 45�. The trivial solution /d ¼ 0� is

Weak Anchoring Effects 61=[817]
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no longer possible for the RP equation in (15). It can be seen that as
the anchoring strength s0x increases (i.e. as q decreases), the values
of /d approach the easy direction /� and that, conversely, for very
weak anchoring (large q), the angle /d is close to 0�. Furthermore,
from Figure 3 we see that as /� decreases the difference between

FIGURE 3 The dependence of the upper surface twist /d upon the anchoring
parameter q when H ¼ 0 and /� ¼ 45� or 89�.

FIGURE 2 The dependence of the upper surface twist /d upon the anchoring
parameter q when /� ¼ 90� and H ¼ 0. The solid lines represent the two poss-
ible solutions for the RP energy and the dashed line represents that for the
B energy.

62=[818] G. McKay et al.
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the graphs of /d for the RP and B energy densities decreases, i.e. as
/�!0 the two energies lead to similar values for /d.

(ii) H 6¼ 0
Now we return to the case when the magnetic field is present, i.e.

H 6¼ 0. Analytical solutions to the system of Eqs. (11)–(13) for both
types of weak anchoring will now be sought. Millar and McKay [7]
examined the director orientation of a twisted nematic liquid crystal
subject to a net twist across the layer. Although the model considered
by these authors is very different to that considered here, we can apply
a similar analysis and approach. Specifically, two types of solution are
possible for either weak anchoring condition. The first has a monotonic
profile where /0 is positive throughout the bulk of the sample, irres-
pective of the magnitude of the magnetic field. By considering either
version of boundary condition (13), we can conclude that for these
monotonic profiles 0�/d�/� (since/(1) > 0). When the surface anchor-
ing strength term s0x is large (i.e., q is small) the angle /d will be slightly
smaller than the easy direction /�, but cannot necessarily be equal to /�

due to the additional influences from bulk elastic and field effects. There-
fore this first type of solution corresponds to the case where /d is actually
the maximum twist calculated for the director across the sample.

A second type of non-monotonic solution can occur when the field
strength is sufficiently large. This behaviour is the result of the com-
petition between the magnetic field and surface anchorings. These
non-monotonic solutions are characterized by a maximum which
occurs at some point z2 (0,1). The transition from a monotonic increas-
ing solution to non-monotonic solution occurs at a critical field
strength, bHH, where the solution /(z) satisfies

/0ð1Þ ¼ 0 and /d � /ð1Þ ¼ /�: ð17Þ

We can obtain an analytical expression for bHH by solving Eq. (11)
subject to the boundary conditions (12) and (17). We note that this
critical field strength is independent of the form adopted for the weak
anchoring energy. Following an analysis similar to Stewart [1] or
Millar and McKay [7], our approach involves multiplying (11) by /0,
integrating to obtain the corresponding first integral, and then apply-
ing the appropriate boundary conditions. Consequently, we find that
the critical transition field strength bHH can be calculated in terms of
the easy direction /� via

bHH
Hc
¼ 1

p

Z /�

0

d/̂/

ðsin2 /� � sin2 /̂/Þ1=2
¼ 1

p
Kðsin /�Þ; ð18Þ

Weak Anchoring Effects 63=[819]
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where Hc is defined in Eq. (14) and K(�) is the complete elliptic integral
of the first kind. The second equality in (18) is obtained by the usual
Zocher [1] substitution sin /̂/ ¼ sin /� sin k ð0 � k � p=2Þ in the integral
that appears in (18).

Figure 4 illustrates different twist solution profiles for /(z) for the
system of equations (11)–(13) as the field strength H is varied. For
the particular value of /� ¼ 10� we have plotted the twist solution
/(z) when H ¼ bHH, where bHH is calculated via the relation (18) (in this
particular case bHH=Hc � 0:504), and for values of H that are above
and below bHH. It is clear that the monotonically increasing solutions
are available for H < bHH while the non-monotonic solutions appear
for H > bHH. For H � bHH the solutions for the RP and B formulations
are very similar. (In fact, in Fig. 4 the RP and B solutions are indis-
tinguishable for H � bHH.) Nevertheless, there is a marked difference
between the solutions for the RP and B cases when H is above bHH.
Although it is possible to derive these profiles analytically using the
methods detailed in Stewart [1], here we have calculated /(z) numeri-
cally by solving the boundary value problem given by Eqs. (11)–(13).

In Figure 5 we consider /� ¼ 5�, q ¼ 1 and characterize the twist
profile solutions of (11)–(13) for the RP and B energies via two angles.
The first is simply the upper surface twist previously defined as /d.
The second angle, /m, is the maximum twist angle exhibited by the
solution across the whole cell. Following our earlier discussion, the
angles /d and /m will coincide for H � bHH. As the magnetic field

FIGURE 4 Solution profiles for magnetic field strengths H=Hc ¼ 0.4, H ¼ bHH
and H=Hc ¼ 0.85 when /� ¼ 10� and q ¼ 1.75. Note, for the cases H=Hc ¼ 0.4
and H ¼ bHH the RP and B energy solutions are indistinguishable.

64=[820] G. McKay et al.
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strength increases the two angles /d and /m increase towards the lim-
iting value / ¼ 90� that minimizes the bulk magnetic energy density
wmag. However, the angles corresponding to the RP and B energies
also diverge as H=Hc increases. In particular, for a fixed magnetic field
H >> Hc and fixed surface anchoring strengths, twist profiles for the B
energy exhibit angles smaller than the equivalent RP solutions, as
shown in Figure 5. The discrepancy between the two energies is most
significant at the upper surface when the field strength is high.

DISCUSSION

As mentioned previously, the two surface energies we consider here
are very similar in behaviour provided the director on the upper plate
is close to the easy direction. However, as the magnetic field strength
increases, the director in the bulk prefers to align with the field.
Consequently, the twist at the upper surface is forced away from its
optimal easy direction. Figures 4 and 5 are very significant because
they emphasize the differences between the RP and B energies at
these large field strengths. The B potential appears to be more effec-
tive at maintaining a surface twist /d close to the easy direction /�.
The analysis and calculations presented here can be compared directly
with experimental measurements for /d in order to validate the
correct choice of azimuthal surface energy when modelling twisted
nematic liquid crystals.

FIGURE 5 Surface twist angles, /d, and maximum twist angles, /m, as the
magnetic field strength H varies, /� ¼ 5� and q ¼ 1.
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Both the RP and B energies ought to be modified by the addition of
fourth or higher order contributions when deviations of the director
away from the easy axis become large. Such an approach has been
investigated by Yokoyama and van Sprang [8] in the context of an
RP-type energy and a similar methodology may be appropriate for
the B energy. More realistic comparisons between the RP and B-type
energies for large deviations of the director will then be possible.
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